We derive the polynomial representations for minimal relations of generating set of nu-
1 Symmetric and nonsymmetric numerical semigroups (n − 1) k , n k , (n + 1) 
. Usually the generators of such semigroups are represented as elements of some ordered sets: arithmetic [1] , almost arithmetic [11] or geometric [10] progressions, Pythagorean triples [7, 2] , Fibonacci [9, 3] or Lucas [3] numbers and others.
Recently, the two 3-generated numerical semigroups were treated [8] to establish explicit expressions for their Frobenius numbers. These are semigroups R 2 n and R 3 n , generated by squares and cubes of three consecutive integers, R 2 n = (n − 1) 2 , n 2 , (n + 1) 2 , R 3 n = (n − 1) 3 , n 3 , (n + 1) 3 , n ≥ 3.
(1.1)
Using the Euclidean algorithm with negative [12] and positive [13] remainders for computing the Frobenius numbers, the authors [8] were able to find polynomial expressions in n for F R 2 n and F R 3 n on residue class of n modulo 4 and 18,
A j i n i , j = n (mod 4), n = 3, 4, 5, 6, 9, 13, A A long list of sophisticated formulas for F j R 2 n and F j R 3 n in [8] , accompanied by 34 exclusions (6 cases for R 2 n and 28 cases for R 3 n ), poses a question to find another representation (Rep) which allows incorporate all exclusions. Another reason to treat this problem again is to extend it on semigroups R 4 n and find H z, R 4 n , F R 4 n and G R 4 n , and to discuss how to deal with a general case of R k n , k ≥ 5.
Note that the excluding values of n in (1.2,1.3) give rise to the 4 symmetric semigroups, R 2 3 , R 2 4 , R 2 5 and R 3 3 . The rest of 30 semigroups are nonsymmetric.
Simple considerations (Propositions 1, 2) show that no more symmetric numerical semigroups For semigroups, satisfying Lemma 1, the Frobenius number is given by [6, 5] ,
(1.5)
Symmetric numerical semigroups R k n
Prove an exclusive property of semigroups R 2 3 , R 2 4 , R 2 5 .
Proposition 1 There exist only three symmetric semigroups R 2 n , n = 3, 4, 5.
Proof Note that semigroups R 2 n , n = 3, 4, are symmetric due to requirement (1.4a). Find more n which satisfy (1.4a),
Simplifying the last equality we obtain the Diophantine Eq.
with constraints (1.6) on three variables a 1 , a 2 , n which has no solutions.
Consider another way to symmetrize R 2 n by providing condition (1.4b), which may occur only when n = 2p + 1 and results in the Diophantine Eq. in b 1 , b 2 , p,
Solving (1.7) as a quadratic equation in p, we get
Combining the last expression with constraints in (1.7) we find only one appropriate solution,
The next Propositions deal with symmetric semigroups R k n , k = 3, 4.
Proposition 2 There exists only one symmetric semigroup R 3 n , n = 3.
Proposition 3
There exist only three symmetric semigroups R 4 n , n = 3, 5, 7.
Their proofs are similar to proof of Proposition 1 but much more cumbersome and therefore are given in A.
Nonsymmetric numerical semigroups generated by three integers
A brief analysis in the previous section focuses us on nonsymmetric semigroups only. In the present paper we calculate the Hilbert series for such semigroups R k n , k = 2, 3, 4, making use of approach of minimal relations for three generators d 1 , d 2 , d 3 . Recall this approach following author's article [2] .
Let a nonsymmetric numerical semigroup
by matrix of minimal relations, A 3 , where a ij ∈ Z + , 
All matrix elements a ij are non-negative integers [6, 2] 
11)
Based on (1.11) we reduce a large number of exclusive semigroups [8] with F (S 3 ) which differ from polynomials (1.2). This exclusion may happen when in different ranges of n a difference
(n) may change its sign. In other words, the both sequences F 1 (n) and F 2 (n)
contribute to the polynomial Rep of F (S 3 ).
2 Numerical semigroups R 2 n , n ≥ 6
Write the third relation in (1.9) for R 2 n , a 33 (n + 1) 2 = a 32 n 2 + a 31 (n − 1) 2 , i.e., 
In order to provide all entries in A 3 be integers we consider four different cases, n = j (mod 4). 
Since a 13 , a 23 ≥ 1 there is only one solution k = 15, m ≥ 2, that gives
For the rest semigroups we skip the parameterization details of a 2j and give the final formulas.
2. n = 4m + 2, a 33 = a 31 = 2m + 1, a 32 = 2.
3. n = 4m + 1, a 33 = a 31 = 4m + 1, a 32 = 4.
4. n = 4m + 3, a 33 = a 31 = 4m + 3, a 32 = 4.
The above formulas for F (R 2 n ) coincide with those obtained in [8] when b 22 > b 11 . In the opposite case (b 22 < b 11 ) we arrive at the other formulas, e.g., as in the case n = 4m + 1, m ≤ 3. There exist 3 exceptional symmetric semigroups R 2 3 , R 2 4 , R 2 5 , with minimal relations which do not obey the matrix Reps presented above.
3 Numerical semigroups R 3 n , n ≥ 4
Write the third relation in (1.9) for R 3 n ,
Choose the Rep a 31 = (pn + q), a 33 = (pn − q), p, q ∈ Q, and insert it into (3.1),
To eliminate the dependence of a 32 on n −2 in the last relation we put p = 3q, a 31 = q(3n + 1), a 32 = 16q, a 33 = q(3n − 1).
To satisfy gcd(a 31 , a 32 , a 33 ) = 1 in (1.9), we have to distinguish two different cases: q = 1 if n = 2N and q = 1/2 if n = 2N + 1.
Numerical semigroups R
The matrix of minimal relations A 3 reads,
Two Eqs. (3.2) need that at least two of a 2j be polynomials in N of the 2nd degree, e.g., a 21 and a 22 are quadratic polynomials. To balance the cubic degrees in (3.2) choose a 2j as polynomials on residue class of N modulo t 3 which will be found later, i.e., N = t 3 m + j, 0 ≤ j < t 3 ,
Substitute (3.3) into (3.2) and obtain
The minimal value of t 3 , providing k 1 ∈ Z + in the above equalities be integer, is t 3 = 9, that leads to k 1 = 8(3j −2) and k 2 = r 2 = 108. The other five parameters, r 0 (j), r 1 (j), k 0 (j), l 0 (j) and l 1 (j) may be found if we find numerically matrix A 3 for nine first semigroups R 3 18+2j , 0 ≤ j ≤ 8. 
We skip intermediate calculations repeating the procedure performed in section 3.1. 3.3 Exceptional semigroups R 3 n , n = 4, 6
There exist 3 exceptional semigroups (1 symmetric R 3 3 ≡ 2 3 , 3 3 and 2 nonsymmetric R 3 4 , R 3 6 ) with minimal relations which do not obey the matrix Reps presented in section 3.1, 3.2. Below we give Reps of two nonsymmetric semigroups. These semigroups were not studied in [8] , however using a weak argumentation its authors predict that F (R 4 n ) is given by polynomial expressions in n on residue class of n modulo 88 'whereas experimental tests make us believe that we need 40 formulas' [8] .
Assuming that the matrix of minimal relations comprise the polynomial expressions in n on residue class of n modulo 40, we have calculated numerically these matrices in two different cases n = 0, 1 (mod 2). In section 4.4 we give also expressions for genus of semigroups R 4 20m+9 and R 4 20m−9 which illustrate the forthcoming Theorem 2.
4.1 Numerical semigroups R 4 n , n = 0 (mod 2)
1. n = 40m, m ≥ 4; n = 40, 80, 120. 
4.2 Numerical semigroups R 4 n , n = 1 (mod 2) 
Exceptional semigroups R 4 n
There exist 18 exceptional semigroups R 4 n (3 symmetric R 4 3 , R 4 5 , R 4 7 and 15 nonsymmetric) with minimal relations which do not obey the matrix Reps presented in sections 4.1, 4.2. We give them below. Proof According to formulas in sections 4.1, 4.2 consider the polynomial Rep of minimal relations for numerical semigroups R 4
and R 4 40m+k , 
Compare the last three Eqs. with (4.4). Both Reps coincide for arbitrary m iff Proof Write formulas (1.10) of D k , 0 ≤ k ≤ 3, for two numerical semigroups: R 4
and R 4 40m+k ,
Combining the above formulas with (4.5) we obtain
that together with genus definition in (1.9) gives G − (m) = G + (−m). Combining the last equality with (4.6) we arrive at the proof of Theorem.
Concluding remarks
In the present section we state a conjecture and put a question devoted to numerical semigroups R k n , n > 3, k ≥ 5, where an appearence of symmetric semigroups R k n seems very rare. Numerical calculations give only two semigroups R 11 5 and R 13 5 among others R k 2p+1 , 2 ≤ p ≤ 50, 5 ≤ k ≤ 10 3 .
Conjecture 1 Let a numerical semigroup R k n , n = T k m + j, be given by their minimal relations on residue class of n modulo T k , 2) and the Frobenius number and genus have the asymptotics:
If k = 2q + 1, then the matrix elements with (i, j) = (1, 1), (1, 2), (2, 1), (2, 2) are given by
3)
while the matrix elements with (i, j) = (1, 3), (2, 3) , (3, 1) , (3, 2) , (3, 3) read
and the Frobenius number and genus have the asymptotics:
Question 1 Keeping in mind T 2 = 4, T 3 = 18, T 4 = 40, find T k for k ≥ 5.
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A Proof of Propositions
Proof of Proposition 2. Semigroup R 3 3 is symmetric due to requirement (1.4a). Find more n which satisfy (1.4a), (n + 1) 3 = e 1 (n − 1) 3 + e 2 n 3 , e 1 , e 2 ∈ N, n > 3.
(e 1 + e 2 − 1)t 3 + 3(2e 1 + 3e 2 − 4)t 2 + 3(4e 1 + 9e 2 − 16)t + (A.1) 8e 1 + 27e 2 − 64 = 0, t = n − 3.
Decompose the whole integer lattice Z + 2 := {e 1 , e 2 | e 1 , e 2 ≥ 1} in different sets,
E j , E 1 = {e 1 , e 2 | e 1 ≥ 5; e 2 = 1}, E 2 = {e 1 , e 2 | e 1 ≥ 2; e 2 = 2}, E 3 = {e 1 , e 2 | e 1 ≥ 1; e 2 ≥ 3}, E 4 = {e 1 , e 2 | 1 ≤ e 1 ≤ 4; e 2 = 1},
If (e 1 , e 2 ) ∈ E j , 1 ≤ j ≤ 3, then the sequence of coefficients in Eq. (1.8) has no changes of signs and therefore, by Descartes' rule of signs, Eq. (1.8) has no positive solutions in t. If (e 1 , e 2 ) ∈ E j , j = 4, 5, then a straightforward numerical verification shows that neither of 5 qubic Eqs. (A.1)
has integer positive solution in t.
Consider an alternative way to symmetrize R 3 n by providing condition (1.4b), which may occur only when n = 2q + 1 and results in the Diophantine Eq. in c 1 , c 2 ∈ N, q > 1, (2q + 1) 3 = 
